Abstract. Let (V, W; F ) be a weakly reducible, unstabilized, genus three Heegaard splitting in an orientable, irreducible 3-manifold M . In this article, we prove that either the disk complex D(F ) is contractible or F is critical.
Introduction and Result
Throughout this paper, all surfaces and 3-manifolds will be taken to be compact and orientable. In [1] , Bachman introduced the concept a "critical surface" and proved that a critial surface intersects an incompressible surface so that the intersection of them is essential on both surfaces up to isotopy in an irreducible manifold, where it is a common property for a strongly irreducible Heegaard surface (see [18] ) and a critical surface. In [2] , he generalized the definition of critical surface for the proof of Gordon's Conjecture by using the notations coming from the standard disk complex. Moreover, he defined the concept a "topologically minimal surface", which includes incompressible surfaces, strongly irreducible surfaces, critical surfaces, and so on, and the topologically minimal surfaces are distinguished by a "topological index " [3] . Indeed, he proved that a topologically minimal surface also intersects an incompressible surface so that the intersection of them is essential on both surfaces up to isotopy in an irreducible manifold. He also found the counterexamples of the Stabilization Conjecture by the method using this concept in [5] . In [4] , he proved that if a topologically minimal surface intersects a tetrahedron of a triangulation of a 3-manifold in a "topologically minimal " disk, then it is either (i) a triangle or quadrilateral or (ii) a helicoid such that the number of twists is proportional to the topological index of it, where this is in precisely the same way that a geometrically minimal surface can meet a ball, as described by Colding and Minicozzi [7] [8] [9] [10].
In recent results including the author's works, several examples of critical Heegaard surfaces were found and most of them are easily constructible [6] [13] [14] [12] [11] . Hence, it is now guessed that it would be more easier for a weakly reducible surface to be topologically minimal than not to be topologically minimal. Indeed, the condition that the disk complex is non-contractible for a topologically minimal surface seems to be more easier than the condition that the disk complex is contractible.
In this article, we will prove the following theorem giving an evidence to an affirmative answer for this question. Theorem 1.1 (Theorem 3.6). Let (V, W; F ) be a weakly reducible, unstabilized, genus three Heegaard splitting in an orientable, irreducible 3-manifold M . If every weak reducing pair of F gives the same generalized Heegaard splitting after weak reduction up to isotopy, then the disk complex D(F ) is contractible. Otherwise, F is critical.
Note that the author proved that if a weakly reducible, unstabilized, genus three Heegaard splitting in an orientable, irreducible 3-manifold is topologically minimal, then the topological index is at most four in [11] and Theorem 1.1 improves the upper bound of the topological index. Since there exist many unstabilized critical Heegaard surfaces of genus three, this upper bound is sharp.
Preliminaries
Definition 2.1. A compression body (generalized compression body resp.) is a 3-manifold which can be obtained by starting with some closed, orientable, connected surface F , forming the product F ×I, attaching some number of 2-handles to F ×{1} and capping off all (some resp.) resulting 2-sphere boundary components that are not contained in F × {0} with 3-balls. The boundary component F × {0} is referred to as ∂ + . The rest of the boundary is referred to as ∂ − .
Definition 2.2.
A Heegaard splitting of a 3-manifold M is an expression of M as a union V ∪ F W, denoted as (V, W; F ) (or (V, W) if necessary), where V and W are compression bodies that intersect in a transversally oriented surface F = ∂ + V = ∂ + W. We say F is the Heegaard surface of this splitting. If V or W is homeomorphic to a product, then we say the splitting is trivial. If there are compressing disks V ⊂ V and W ⊂ W such that V ∩ W = ∅, then we say the splitting is weakly reducible and call the pair (V, W ) a weak reducing pair. If (V, W ) is a weak reducing pair and ∂V is isotopic to ∂W in F , then we call (V, W ) a reducing pair. If the splitting is not trivial and we cannot take a weak reducing pair, then we call the splitting strongly irreducible. If there is a pair of compressing disks (V ,W ) such thatV intersectsW transversely in a point in F , then we call this pair a canceling pair and say the splitting is stabilized. Otherwise, we say the splitting is unstabilized. Definition 2.4 (Bachman, [3] ). The homotopy index of a complex Γ is defined to be 0 if Γ = ∅, and the smallest n such that π n−1 (Γ) is non-trivial, otherwise. We say a separating surface F with no torus components is topologically minimal if its disk complex D(F ) is either empty or non-contractible. When F is topologically minimal, we say its topological index is the homotopy index of D(F ). If F is topologically minimal and its topological index is two, then we call F a critical surface.
Note that Bachman originally defined a critical surface in a different way in [2] and proved it is equivalent to being index two in [3] . Definition 2.5. Consider a Heegaard splitting (V, W; F ) of an orientable, irreducible 3-manifold M . Let D V (F ) and D W (F ) be the subcomplexes of D(F ) spanned by compressing disks in V and W respectively. We call these subcomplexes the disk complexes of V and W. Let D VW (F ) be the subspace of D(F ) consisting of the simplices spanned by vertices in both D V (F ) and D W (F ). Theorem 2.6 (McCullough, [16] ). D V (F ) and D W (F ) are contractible.
Hence, we can say that a non-trivially embedded S n−1 in D(F ) for a topologically minimal surface F of topological index n ≥ 2 is determined by the shape of D VW (F ) and the way how
From now on, we will consider only unstabilized Heegaard splittings of an irreducible 3-manifold. If a Heegaard splitting of a compact 3-manifold is reducible, then the manifold is reducible or the splitting is stabilized (see [17] ). Hence, we can exclude the possibilities of reducing pairs among weak reducing pairs. Let G = {T (G), t(G)} be a pair of sets of transversally oriented, connected surfaces in M such that the elements of T (G) ∪ t(G) are pairwise disjoint. Then we say G is a pseudo-GHS if the following hold.
ial) compression bodies W and W , where
There is a partial ordering of the elements of t(G) that satisfies similar properties to the partial ordering of the thin levels of a GHS given in Definition 2.10. 
We say the pseudo-GHS G = {T (G ), t(G )} is obtained from H by pre-weak reduction along (V, W ). The relative position of the elements of T (G ) and t(G ) follows the order described in Figure 1 . We can imagine that the compressing disk V (W resp.) of F would become a compressing disk of F W (F V resp.) in the solid between F W (F V resp.) and F V W after the pre-weak reduction by slightly extending V (W resp.) as the dashed line in the right of Figure 1 . If there are elements S ∈ T (G ) and s ∈ t(G ) that cobound a product region P of M such that P ∩ T (G ) = S and P ∩ t(G ) = s then remove S from T (G ) and s from t(G ). This gives a GHS G of M from the pseudo-GHS G (see Lemma 5.4 of [2] ) and we say G is obtained from G by cleaning. We say the GHS G of M given by pre-weak reduction along (V, W ), followed by cleaning, is obtained from H by weak reduction along (V, W ). Definition 2.13 (J. Kim, [12] ). In a weak reducing pair for a Heegaard splitting (V, W; F ), if a disk belongs to V, then we call it a V-disk. Otherwise, we call it a W-disk. We call a 2-simplex in
is the center and the other weak reducing pairs are hands.
and one vertex in D W (F ) a V-face, and also define a W-face symmetrically. Let us consider a 1-dimensional graph as follows.
(1) We assign a vertex to each V-face in D VW (F ).
(2) If a V-face shares a weak reducing pair with another V-face, then we assign an edge between these two vertices in the graph. We call this graph the graph of V-faces. If there is a maximal subset ε V of V-faces in D VW (F ) representing a connected component of the graph of V-faces and the component is not an isolated vertex, then we call ε V a V-facial cluster. Similarly, we define the graph of W-faces and a W-facial cluster. In a V-facial cluster, every weak reducing pair gives the common W-disk, and vise versa.
If we consider an unstabilized, genus three Heegaard splitting of an irreducible manifold, then we get the following lemmas.
Lemma 2.14 (J. Kim, [12] ). Suppose that M is an irreducible 3-manifold and (V, W; F ) is a genus three, unstabilized Heegaard splitting of M . If there are two V-faces f 1 represented by {V 0 , V 1 , W } and f 2 represented by {V 1 , V 2 , W } sharing a weak reducing pair (V 1 , W ), then ∂V 1 is non-separating, and ∂V 0 , ∂V 2 are separating in F . Therefore, there is a unique weak reducing pair in a V-facial cluster which can belong to two or more faces in the V-facial cluster.
Definition 2.15 (J. Kim, [12] ). By Lemma 2.14, there is a unique weak reducing pair in a V-facial cluster belonging to two or more faces in the cluster. We call it the center of a V-facial cluster. We call the other weak reducing pairs hands of a V-facial cluster. See Figure 2 . Note that if a V-face is represented by two weak reducing pairs, then one is the center and the other is a hand. Lemma 2.14 means that the V-disk in the center of a V-facial cluster is non-separating, and those from hands are all separating. Moreover, Lemma 2.9 implies that (i) the V-disk in a hand of a V-facial cluster is a band-sum of two parallel copies of that of the center of the V-facial cluster and (ii) the V-disk of a hand of a V-facial cluster determines that of the center of the V-facial cluster by the uniqueness of the meridian disk of the solid torus which the V-disk of the hand cuts off from V.
Note that every V -or W-facial cluster is contractible in D(F ) (see Figure 2) . Lemma 2.16 (J. Kim, [12] ). Assume M and F as in Lemma 2.14. Every V-face belongs to some V-facial cluster. Moreover, every V-facial cluster has infinitely many hands. The following lemma means that the generalized Heegaard splitting obtained by weak reduction along a weak reducing pair does not depend on the choice of the weak reducing pair if the weak reducing pair varies in a fixed V-or W-facial cluster.
Lemma 2.17. Assume M and F as in Lemma 2.14. Every weak reducing pair in a V-facial cluster gives the same generalized Heegaard splitting after weak reduction.
Proof. Let (V, W ) be the center of a V-facial cluster and (V , W ) be a hand of the V-facial cluster. Here, V is non-separating and V is separating in V by Lemma 2.14. Let H and H be the generalized Heegaard splittings obtained by weak reductions along (V, W ) and (V , W ) from (V, W; F ) respectively. It is sufficient to show that H and H are the same up to isotopy. Claim. Both Thin(H) and Thin(H ) consist of one component.
Proof of Claim. Suppose that Thin(H) or Thin(H ) does not consist of one component. Let us consider a generalized Heegaard splitting obtained by weak reduction from (V, W; F ) along a weak reducing pair. It is easy to see that each component of the thin level must have scars of both disks of the weak reducing pair. For example, Figure 3 represents the case when both V and W are separating and each of them cuts off a solid torus from the corresponding compression body. If we consider the pseudo-GHS obtained by pre-weak reduction along (V, W ), then there are two components of F V W not having scars of both V and W but they disappear after cleaning. Hence, the only case for disconnected thin level is when both disks are non-separating but the union of boundaries of them is separating in F , i.e. the thin level consists of two tori. This means that Thin(H ) must consist of only one component since V is separating and the possibility comes from Thin(H), i.e. W is non-separating and ∂V ∪ ∂W is separating in F . But Lemma 2.9 forces V to be a band-sum of two parallel copies of V , i.e. V must intersect W , violating the assumption that (V , W ) is a weak reducing pair. Therefore, Thin(H) also consists of only one component. This completes the proof of Claim.
If we consider Thick(H) and Thin(H), then we get 
whereF V is the genus two component of F V andF V W is the component of F V W having scars of both V and W . Here, V must cut off a solid torus V from V and V is a meridian disk of V by Lemma 2.9, i.e. F V is isotopic toF V in V, so is in M . Moreover,F V W is isotopic toF V W similarly since ∂W must belong tō F V by Lemma 2.8. Hence, Thick(H) = Thick(H ) and Thin(H) = Thin(H ) up to isotopy. This completes the proof.
The next lemma gives an upper bound for the dimension of D VW (F ) and restricts the shape of a 3-simplex in D VW (F ).
Lemma 2.18 (J. Kim, Proposition 2.10 of [11] ). Assume M and F as in Lemma 2.14.
3. The proof of Theorem 1.1
First, we introduce the following lemma. 
for all j the pair {D j , D j+1 } gives a weak reducing pair for F , (4) for 1 ≤ j ≤ n, D j−1 is disjoint from, or equal to, D j+1 . If there is no such sequence then we define the distance to be ∞. If the distance between (V, W ) and (V , W ) is ∞, then F is critical by Lemma 3.3.
Assume that the distance between (V, W ) and (V , W ) is k < ∞. If k ≤ 1, then either (V, W ) = (V , W ) or they are contained in a V-or W-face. This leads to Since every ∆ i must belong to some V-or W-facial cluster by Lemma 2.16, if we consider the generalized Heegaard splitting determined by ∆ i inductively from i = 0 to n by using Lemma 2.17 and the property that ∆ i−1 shares a weak reducing pair with ∆ i , then we can see that H and H are isotopic, violating the assumption. Hence, the distance between (V, W ) and (V , W ) cannot be finite. This completes the proof.
Let (V, W; F ) be a weakly reducible, unstabilized, genus three Heegaard splitting of an irreducible 3-manifold M . By Lemma 3.1, assume that the generalized Heegaard splitting obtained by weak reduction from (V, W; F ) is unique up to isotopy. If we consider the generalized Heegaard splitting obtained by weak reduction from (V, W; F ), then the thin surface would consist of a torus or two tori, where the latter case holds only when both disks of a weak reducing pair are non-separating but the union of the boundaries is separating in F as we have checked in Lemma 2.17 (see Figure 4 ). We will prove that the disk complex D(F ) is contractible in any case.
Before proving the disk complex is contractible, we consider the meaning of the assumption that the generalized Heegaard splitting obtained by weak reduction from (V, W; F ) is unique. The thick surfaces of the resulting generalized Heegaard splitting would be the genus two components of F V and F W , sayF V andF W as we will check in each case. Moreover,F V andF W can be isotoped into the interior of V and W respectively, i.e. they miss F up to isotopy. Here, V and W can be extended to the compressing disksV andW ofF W andF V respectively. If the generalized Heegaard splitting obtained by weak reduction was not unique, then F V andF W might vary up to the choice of (V, W ). But if the generalized Heegaard splitting obtained by weak reduction is unique, then we can regard the thin surface as a fixed surface and the 1-handle attached to (thin surface) × I determining the genus two Heegaard surfaceF V orF W in the corresponding submanifold also would be unique up to isotopy, i.e. we can specify the cocore disks of the two 1-handles regardless of choices of weak reducing pairs. Hence, the intersection of these cocore disks with V and W would give a "fixed" weak reducing pair and we can guess that every weak reducing pair would come from the "neighborhood" of the fixed one. This is the point of the next two lemmas. Now we introduce the next lemma dealing with the case when the thin surface consists of a torus.
Lemma 3.4. Let (V, W; F ) be a weakly reducible, unstabilized, genus three Heegaard splitting in an orientable, irreducible 3-manifold. If every weak reducing pair of F gives the same generalized Heegaard splitting obtained by weak reduction up to isotopy such that the thin surface consists of a torus, then D(F ) is contractible.
Proof. Let (V, W ) be a weak reducing pair for (V, W; F ) and T be the thin surface of the generalized Heegaard splitting obtained by weak reduction.
If one of V and W , say V , cuts off a solid torus from V, then ∂W cannot belong to the once-punctured torus that ∂V cuts off from F by Lemma 2.8. Hence, we can take a non-separating disk V from the solid torus and we can assume that V ⊂ V and V ∩ W = ∅. where these three cases are mutually exclusive by the assumption of the uniqueness of the generalized Heegaard splitting obtained by weak reduction. Note that there is a symmetric case for (b) when W cuts off (torus) × I from W, but the shape of the generalized Heegaard splitting is just the one obtained by turning the figure upside down.
Case (a). We can assume that V and W are non-separating in V and W respectively.
In this case, ∂V ∪ ∂W is non-separating in F since the thin level consists of a torus. Hence, we can find two separating disks V and W in V and W respectively, where each of V and W is obtained by a band-sum of two parallel copies of V or W respectively in the corresponding compression body, and we can assume that the four disks V , W , V , and W are mutually disjoint. Now we get two 2-simplices ∆ V = {V, V , W } and ∆ W = {V, W, W } in D VW (F ). Let ε V and ε W be the V-and W-facial clusters containing ∆ V and ∆ W respectively guaranteed by Lemma 2.16.
If we consider the generalized Heegaard splitting obtained by weak reduction along (V, W ), then it consists of two splittings (V 1 , V 2 ; F V ) and ( Figure 6 . If we extend W so that it would become a compressing disk of V 2 , then the resulting one is a non-separating disk in V 2 . Figure 5 . the GHSs for the three cases Figure 6 . the GHS when both V and W are non-separating.
Similarly, if we extend V so that it would become a compressing disk of W 1 , then the resulting one is a non-separating disk in W 1 . But there is a unique non-separating disk in V 2 (W 1 resp.) since it is a genus two compression body with minus boundary consisting of a torus. Let µ W1 be the non-separating disk of W 1 and µ V2 be the non-separating disk of V 2 . Here, the pair {µ W1 , µ V2 } is a fixed one up to isotopy by the uniqueness of the generalized Heegaard splitting obtained by weak reduction. Therefore, the weak reducing pair (V, W ) also becomes to be the fixed one (V ,W ) as in Figure 6 , whereV = µ W1 ∩ V andW = µ V2 ∩ W even though we've chosen an arbitrary weak reducing pair consisting of non-separating disks.
Let us consider an arbitrary weak reducing pair (V * , W * ) for (V, W). If one of V * and W * is separating, then it must cut off a solid torus from the corresponding compression body (otherwise, the resulting generalized Heegaard splitting would be (b) or (c) of Figure 5 , violating the uniqueness of the generalized Heegaard splitting obtained by weak reduction). If one of them is separating and the other is non-separating, then the non-separating one cannot touch the once-punctured torus that the boundary of the separating one cuts off from F by Lemma 2.8. Moreover, if both disks are all separating, then the solid tori that they cut off from V and W are mutually disjoint by considering the once-punctured tori that the boundaries of them cut off from F . Hence, we can find a weak reducing pair (V * * , W * * ) consisting of non-separating disks, where V * * (W * * resp.) comes from the meridian disk of the
solid torus which V * (W * resp.) cuts off from the corresponding compression body if V * (W * resp.) is separating or V * * = V * (W * * = W * resp.) if V * (W * resp.) is non-separating. Here, we can assume that (V * * , W * * ) misses (V * , W * ) by a small isotopy. If we apply the arguments in the previous paragraph to (V * * , W * * ), then (V * * , W * * ) would be (V ,W ). This means that an arbitrary weak reducing pair (V * , W * ) of (V, W; F ) belongs to some 3-simplex Σ V W = {V ,V ,W , W } in D VW (F ) containing the fixed 1-simplex {V ,W }, where V ⊂ V and W ⊂ W are band-sums of two parallel copies ofV andW in V and W respectively. (Here, the "band-sum" argument comes from Lemma 2.9 by considering three disks among the four disks and the existence of the 3-simplex Σ V W is clear by using a band-sum argument or taking a meridian disk of the solid torus that the separating one cuts off from the corresponding compression body.) Note that dim(D VW (F )) = 3 in this case by Lemma 2.18. Hence, D VW (F ) consists of 3-simplices of the form Σ V W .
Here, two 2-simplices {V ,V ,W } and {V ,W , W } of Σ V W belong to ε V and ε W respectively. If we fix V and vary W for Σ V W , then we get a union of 3-simplices Σ V = W Σ V W . Σ V is contractible since (i) Σ V W ∩ Σ V W * is the 2-simplex {V ,V ,W } for Σ V W = Σ V W * and (ii) if we deformation retract Σ V by shrinking {V ,V ,W } into {V ,W }, then the "projection" would be a union of some W-faces in ε W sharing {V ,W } with each other, i.e. a contractible one (see Figure 7 ). Let us consider Σ V and Σ V * such that Σ V = Σ V * . Since both V and V * are band-sums of two parallel copies ofV in V and V = V * , they must intersect each other, i.e. the dimension of Σ V ∩ Σ V * is at most two. But if Σ V ∩ Σ V * contains a 2-simplex, then it must be a form of {V ,W , E}, where E is a band-sum of two parallel copies ofV orW by Lemma 2.9, E misses both V and V * , and E cannot be any one between V and
. If E is a band-sum of two parallel copies ofV , then there exists a 3-simplex {E, V ,V ,W } (E is a 0-simplex in Σ V ), but this contradicts Lemma 2.18 since it contains three disks from V. Therefore, E should be a bandsum of two parallel copies ofW . This means that Σ V ∩ Σ V * must be contained in the W-facial cluster ε W since Σ V ∩ Σ V * contains at least {V ,W } in each simplex. Hence, the deformation retraction Σ V into ε W by shrinking {V ,V ,W } into {V ,W } preserves Σ V * for Σ V * = Σ V (see Figure 8) 
and we also get
, and D W (F ) are contractible, and
= (a connected star-shaped graph) are contractible. Note that "a connected star-shaped graph"means the shape like " * ".
Case (b). V cuts off (torus) × I from V, and we can assume that W is nonseparating in W. In this case, ∂W belongs to the genus two component of F V , saȳ F V , by Lemma 2.8. Hence, we can take a separating disk W ⊂ W by a bandsum of two parallel copies of W such that W misses V . Here, we get a 2-simplex ∆ = {V, W, W } in D VW (F ). Let ε be the W-facial cluster containing ∆ guaranteed by Lemma 2.16.
If we consider the generalized Heegaard splitting obtained by weak reduction along (V, W ), then it consists of two splittings (V 1 , V 2 ;F V ) and ( Figure 9 . If we extend W so that it would become a compressing disk of V 2 , then the resulting one is a non-separating disk in V 2 . Similarly, if we extend V so that it would become a compressing disk of W 1 , then the resulting one is a separating disk in W 1 . But there is a unique nonseparating disk in V 2 since it is a genus two compression body with minus boundary consisting of a torus. Moreover, there is a unique compressing disk in W 1 since it is a genus two compression body with minus boundary consisting of two tori. Let µ W1 be the separating disk of W 1 and µ V2 be the non-separating disk of V 2 . Here, the pair {µ W1 , µ V2 } is a fixed one up to isotopy by the uniqueness of the generalized Heegaard splitting obtained by weak reduction. Therefore, the weak reducing pair (V, W ) also becomes to be the fixed one (V ,W ) as in Figure 9 , whereV = µ W1 ∩ V andW = µ V2 ∩ W.
Let us consider an arbitrary weak reducing pair (V * , W * ) for (V, W). If W * cuts off (torus) × I from W, then it would be the symmetric case of Case (b) or Case (c), violating the uniqueness of the generalized Heegaard splitting obtained by weak reduction. Hence, assume that W * does not cut off (torus) × I from W. Moreover, if V * does not cut off (torus) × I from V, then it would be Case (a), leading to a contradiction by the same argument. Therefore, assume that V * cuts off (torus) × I. If W * is non-separating in W, then we take
µ V2 Figure 9 . the GHS when V cuts off (torus) × I from V and W is non-separating.
separating, then we take W * * as the meridian disk of the solid torus that W * cuts off from W and we can assume that W * * ∩ V * = ∅ by Lemma 2.8. If we apply the arguments in the previous paragraph to the weak reducing pair (V * , W * * ), then (V * , W * * ) would be (V ,W ) and therefore the weak reducing pair (V * , W * ) belongs to the W-facial cluster ε. This means that every weak reducing pair of (V, W) belongs to the W-facial cluster ε containing ∆, i.e. D VW (F ) = ε.
Therefore, D(F ) is contractible since Case (c). V and W cut off (torus) × I from V and W respectively. If we consider the generalized Heegaard splitting obtained by weak reduction along (V, W ), then it consists of two splittings (V 1 , V 2 ;F V ) and ( Figure 10 . If we extend W so that it would become a compressing disk of V 2 , then the resulting one is a separating disk in V 2 . Similarly, if we extend V so that it would become a compressing disk of W 1 , then the resulting one is a separating disk in W 1 . But there is a unique compressing disk in W 1 or V 2 since it is a genus two compression body with minus boundary consisting of two tori. Let µ W1 and µ V2 be the separating disks of W 1 and V 2 respectively. Here, the pair {µ W1 , µ V2 } is a fixed one up to isotopy by the uniqueness of the generalized Heegaard splitting obtained by weak reduction. Therefore, the weak reducing pair (V, W ) also becomes to be the fixed one (V ,W ) as in Figure 10 , wherē
Let us consider an arbitrary weak reducing pair (V * , W * ) for (V, W). If one of V * and W * does not cut off (torus) × I from V or W respectively, then it would Figure 10 . the GHS when V and W cuts off (torus) × I from V and W respectively. The next lemma deals with the case when the thin surface consists of two tori.
Lemma 3.5. Let (V, W; F ) be a weakly reducible, unstabilized, genus three Heegaard splitting in an orientable, irreducible 3-manifold. If every weak reducing pair of F gives the same generalized Heegaard splitting up to isotopy obtained by weak reduction such that the thin surface consists of two tori, then D(F ) is contractible.
Proof. Let us consider a weak reducing pair (V, W ) for (V, W). If one of V and W is separating in V or W respectively, then there is only one component of F V W having scars from both V and W . This means that the thin surface consists of only one component, violating the uniqueness of the generalized Heegaard splitting obtained by weak reduction. Therefore, assume that both V and W are non-separating. Here, ∂V ∪ ∂W must be separating in F by similar argument. This means that Figure 11 . the GHS when both ∂V and ∂W are non-separating, but ∂V ∪ ∂W is separating in F ∂V ∪ ∂W cuts off two twice-punctured tori from F . If we consider the generalized Heegaard splitting obtained by weak reduction along (V, W ), then it consists of two splittings (V 1 , V 2 ; F V ) and (W 1 , W 2 ; F W ) such that ∂ − V 2 = ∂ − W 1 = F V W = T 1 ∪ T 2 , where each T i is a torus, see Figure 11 (this figure is modeled on a torus bundle).
If we extend W so that it would become a compressing disk of V 2 , then the resulting one is a separating disk in V 2 . Similarly, if we extend V so that it would become a compressing disk of W 1 , then the resulting one is a separating disk in W 1 . But there is a unique compressing disk in W 1 or V 2 since it is a genus two compression body with minus boundary consisting of two tori. Let µ W1 and µ V2 be the separating disks of W 1 and V 2 respectively. Here, the pair {µ W1 , µ V2 } is a fixed one up to isotopy by the uniqueness of the generalized Heegaard splitting obtained by weak reduction. Therefore, the weak reducing pair (V, W ) also becomes to be the fixed one (V ,W ) as in Figure 11 , whereV = µ W1 ∩ V andW = µ V2 ∩ W. Theorem 3.6. Let (V, W; F ) be a weakly reducible, unstabilized, genus three Heegaard splitting in an orientable, irreducible 3-manifold M . If every weak reducing pair of F gives the same generalized Heegaard splitting after weak reduction up to isotopy, then the disk complex D(F ) is contractible. Otherwise, F is critical.
